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WE WORK in the category whose objects are topological spaces which have the homotopy 
type of CW-complexes with finite skeletons, and whose morphisms are continuous maps. 
The space X is an H-space if there is a continuous multiplication 
t71 : x x ‘Y + x 
with unit. 
Let X be a connected H-space and suppose that its integral cohomology, N*(X, Z), is 
finitely generated as a group. A classical theorem of Hopf implies that the rational cohomo- 
logy ring, H*(X, Q), is an exterior algebra on odd dimensional generators. The purpose of 
this note is to strengthen this result. 
THEOREM 1.1. Let X be 2-conrlecterl atd an H-space \c,itlt H *( X, Z) finitely generated as 
a ritzg, then H*(X, Q) is nn exterior algebra on odd dimetrsiottaf generators. 
If H*(X, 2) is not finitely generated as a ring, in general the conclusion of Theorem 1.1 
would clearly be false, and the existence of K(Z, 2), infinite dimensional complex projective 
space, whose integral cohomology rin g is a polynomial algebra on a single generator of 
dimension 2, implies the necessity of some condition such as X being 2-connected. In fact, 
as will become clear in the proof, both the conditions on the If-space X may be bveakened. 
The condition that X is ‘-connected may be replaced by the two conditions: 
(1.1) X is connected, 
(1.2) H’(X, Q) c H’(X, Q) * H’(X, Q), under cup product, 
and the condition that the ring H*(X, Z) is finitely generated may be replaced by the two 
conditions, 
(1.3) H*(X, Z) has no p-torsion for some prime integer p, 
(1.4) A homogeneous minimal set of rin, 5U 0 m=nerators for H*(X, 2,) has only a finite 
number of generators of even dimension. 
There are two main ingredients for the proof of Theorem 1.1. These are Theorem 1.2 
and Lemma 1.3. As usualp is a prime integer and Z, is the fieid of integers reduced modulop. 
THEOREM 1.2. Let X be a connected H-space atd msmte rltat: 
(I) H*(X, 2) had no p-torsion, 
(2) H*(X, 2,) isfitzitefy generated as a ritrg, 
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(3) H*(X, Z,) c[s 11~1 algebra, is the tensor product of an exterior algebra aud a poly- 
nomial algebra, 
then the generators of the polynomial algebra a& hare dimension 2. 
Let Q, be the ring of rational numbers with denominators prime top. 
LEMMA 1.3. Let Y be any space u.ith H*( Y, Z) f ree of p-torsion. Suppose that 
x E H”( Y, QP), n > 0, and xp = py for some J; E HP”( Y, Q,), therl yp = pz for some 
z E Hp2”( Y, Q,). 
This present note is a bi-product of a longer paper on even dimensional cohomology 
Hopf algebras Lvhich the author is preparin g, but the technicalities of this longer paper are 
not necessary for the proof of Theorem 1.1 and so it seemed desirable to present this 
simplified version. The methods of proof are K-theoretic and the proof of Theorem 1.2 
requires familiarity with [6]. In 52 we recall come of the K-theoretic properties which are 
needed and prove Lemma 1.3, and in $3 the proofs of Theorems 1.2 and 1.1 are given. 
Consider complex K-theory with QP coefficients for finite complexes, that is, take the 
tensor product of the integral K-theory of [3] with Q,. If a space is not a complex with 
finite skeletons, we replace it with such a complex of the same homotopy type. Then the 
nature of our arguments is such that it is always sufficient to consider a skeleton of sufficiently 
high dimension.? 
Let X be a finite complex with H*(X, Z) free of p-torsion. The Atiyah-Hirzebruch 
spectral sequence of [3], with QP coefficients, collapses, since H*(X, Q,) is torsion free. 
Thus 
(2.1) H”(X, Q,, = K,*(X, Q,>K,,(X, 0,) 
and the isomorphism preserves the natural ring structures which each side possesses. We 
shall write H”(X) and K*(X) for H*(X, Q,) and K*(X, Qp), then K*(X) = K”(X) 0 K’(X) 
and (2.1) may now be written as (2.2) 
(2.2) H’“(X) E K;,(X)/K;,+l(X), H’“+‘(X) z K;n+L(X)/K;n+2(X). 
We shall also use the Adams operators tj” of [I]. In the proof of Lemma 1.3 we need the 
following three properties of $” acting on K”(X). 
(2.3) I/I” is a ring homomorphism, 
(2.4) I+!J~(u) = lip mod p, for all u E K”(X), 
(2.5) Suppose that H*(X, Z) is free of p-torsion and let II E K;“(X), then there exist 
n + 1 elements ui, 0 I i 5 n, such that zfi E K!?,+,i(p-lj(X) and 
$p(zl) = o~snP”-izri* 
Proofs of (2.3) and (2.4) can be found in [I]. (2.5) follows almost immediately from 
Theorem 5.6 and Lemma 5.5 of [2]. 
t We do not consider the inverse limit K-theory over the finite skeletons because of difficulties with the 
coefficients, as Lim does not commute with tensor products. 
c- 
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Proqf of Lemma 1.3. If x E H”(X) and n is odd, the result is trivial since x1 = 0, y = 0, 
and so we may take z = 0. Therefore let .Y E H’“(X) and choose u E K:,(X) whose image 
in H’“(X) under the isomorphism (2.2) is x. Since ,uP = py, 
(2.6)f up=pv + IV 
where the image of v in H’““(X) is y and 1~’ E Kip,,,+r(X). Thus (2.4) implies that 
$“(U) = PIL’r + It’ 
for some IL’~ E K”(X), and since II/” is a ring homomorphism (2.3), 
I+!J~(u~) = (pwl + r~)~, or 
(2.7) $“(U”) = p*w, -+- wp 
where bv2 E K”(X). Combining (2.6) and (2.7) 
(2.8) I/P(pU + w) = p%, i- 1V.P. 
Now w E K;,,+,(X) and so )vp E K;p2m+2(X), and (2.5) implies that 
tjp(\v) = p2w3 mod K&lm+z(X) 
for some 1~~. Thus (2.8) implies that 
tip = p2w4 mod KOrp~m+Z(;Y)t 
and as there is no torsion 
$p(v) = pbv4 mod KTp2,n+Z(X). 
But $“(u) = up mod p, by (2.4), and so 
(2.9) cP = ~,t*~ mod Kip2,,,+ 2(X), for some bv5. 
Now if yp = 0, the conclusion of the lemma is trivially satisfied with z = 0, and if 
_rp # 0 the ima g e of up in Hzpzm (X) under the isomorphism (2.2) coincides with gp. Thus if 
: is thL image of tv5 in H’P2m(X) under (2.2), (2.9) implies that yp = pz which completes the 
proof of the lemma. 
s3 
We need the following definition. A is a quasi-monogenic Hopf algebra over an integral 
domain 1, if A 0 F is a monogenic Hopf algebra, where F is the field of fractions of I. 
Let X be a connected H-space and assume that H*(X, Z) is free ofp-torsion. The foilow- 
ing theorem gives the ring structure in the cohomology with Q, coefhcients. 
THEOREM 3.1. (Clark) H*(X, Q,) as an algebra is the tensor product of quasi-monogenic 
Hopf algebras. 
Proof. This is a particular case of Theorem 1.6 of [5]. Alternatively a more elementary 
proof (only applicable to cohomology Hopf algebras) can be given based on Lemma 1.3 
tit is not true in general that we may choose o so that w = 0. A counter example for p = 3 occurs with 
X=f'lE, , the loop space on the exceptional Lie group Es, with x an indecomposable element in 
Hi* W-5, f?,>. 
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and the corresponding theorem of Bore1 for a Hopf algebra over a field of characteristic 
p > 0, Theorem 6.1 of [4]. 
There are three types of quasi-monogenic Hopf algebras A which can occur in Theorem 
3.1, which we call AI, A2 and A3. 
(A.l) A is an exterior algebra on a single odd dimensional generator, 
(A.2) A is a polynomial algebra on a single even dimensional generator, 
(A.3) ii has an infinite sequence of even dimensional generators, 
l,-rl,~Y,,.Y~+l,...,~Y,,.‘i,+l,... 
where ,Y;P~-’ = .Y, and x:+ i = p,~,+~+~, all i 2 0, and there are no other relations, 
The verification, using Lemma 1.3, is straightforward. Alternatively it follows from a 
theorem of Halpern (see for example Theorem 2.1 of [j]) and Lemma 1.3. 
Proof of Theorem 1.2. The central point of the proof is to apply Theorem 3.1 of 
[6]. Theorem 3.1 above and the hypotheses of Theorem 1.2 imply that H*(X) as an algebra 
is the tensor product of a finite number of quasi-monogenic Hopf algebras of types Al 
and A2. It follows from the isomorphism (2.1) that K*(X)+ is isomorphic as a ring to H**(X). 
and therefore is the tensor product of an exterior algebra and a polynomial algebra. Let 
T = T” + T1 be the ideal in K*(X) generated by K’(X). It is clear for dimensional reasons 
that T is a Hopf ideal in the 2, Hopf algebra K*(X)?. Thus 
K*(X) = T @ M 
where M is a polynomial algebra which lies in K”(X). Further we may choose generators for 
M, ui 1 I i< m say, so that if ~~~ has exact filtration 2q in K”(X), the images of all the ui in 
@(X) under the isomorphism (2.2) generate a polynomial subalgebra of H*(X) which is a 
direct complement of the ideal in H*(X) generated by Hodd(X). 
LEMMA 3.2. @(To) c T”, for all K. 
Proof. Let u E K’(X), then II E T” if and only if z? = 0. The result follows as IC/k is a 
ring homomorphism. 
Now let f : X -+ X be the H-space p-th power map on X with respect to some fixed 
order of multiplication. For example if 
A:X-+XxX and m:XxX+X 
are the diagonal map and the H-space multiplication map respectively, set 
f=m(l x m)(l x 1 x m)... (1 x 1 x A)(1 x A)A (2p - 2 factors). 
If necessary, we alterf by a homotopy to ensure that it is cellular. 
LEMMA 3.3. f!(T”) c T”. 
Proof. T is a sub Hopf algebra of K*(X) and sof’(T) c T. 
t Strictly speaking, as we have replaced X in the K-theory by a finite skeleton, these statements are only 
true modulo elements of high filtration, but this is sufficient for our purposes. 
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We now use the notations and results of [6]. First we replace X by a finite skeleton of 
large dimension whose cohomology is free of p-torsion. We may still assume that T is an 
ideal in K*(X) and Lemma 3.2 and Lemma 3.3 are true. T’ is an ideal and a direct summand 
in K’(X) and Lemma 3.2 implies that M is a multiplicative rl/‘-module over Q,, using Lemma 
2.2 of [6]. The discussion at the beginning of $3 of [6] implies that we may suppose that M 
is a truncated polynomial algebra of height p + 1. The graded ring corresponding to ICI, 1V 
say, is also truncated polynomial of height p + 1. Further f induces on iM a p-map in the 
sense of $3 of [6], using Lemma 3.3 above and Lemma 2.10 of [6]. 
It follows from Theorem 3.1 of [6] that all generators of N have dimension 1 correspond- 
ing to cohomological dimension 2 and the proof of Theorem 1.2 is completed. 
Proof of Theorem 1.1. We need to show that there is some prime p for which 
H*(X, Z) has no p-torsion so that we may apply the earlier results. 
Let i: H*(X, Z) -+ H*(X, Q) be induced by coefficient inclusion Z c Q. Let 
Q(i) : Q{H*(X, Z)} + Q{H*(X, Q)l be the homomorphism induced between the quotient 
modules of indecomposable elements. Choose a homogeneous base for the finitely generated 
Abelian group Q{H*(X, Z)) = F@ T such that xi’, 1 5 i 5 n, is a basis for the free group F 
and yj’, 1 s_/ I m, is a basis for the torsion group T, with Fcj,vj’ = 0 for eachj. The elements 
Q(i)(xi’), 1 5 i I n, form a basis for Q(H*(X, Q) > over Q. Let _yi and yj be homogeneous 
representatives in H*(X, 2) for .yi’ and yj’. 
Let K = k, k, , . . . , IL,,, and express 2K as a product of powers of distinct primes. 
LEMMA 3.4. H*(X, Z) can hare torsion only for those primes which occur in the prime 
porter decomposition of 2K. 
The proof of Lemma 3.4 will require two subsidiary lemmas. In the first we use the fact 
that X is an H-space. 
LEMMA 3.5. Let p(x,, x2, . , .Y,) be some polynomial expression ocer Z in the xi such 
that i{p(xl, x2, . . . , x,)} = 0 in H*(X, Q); then 2p(x,, x2, . . . , x,) = 0 in H*(X, 2). 
Proof. The Leray structure theorem for an associative, commutative Hopf algebra over 
a field of characteristic zero (see for example, Theorem 7.5 of [7]), implies that the algebra 
H*(X, Q) is free commutative over Q. The elements i(xi), 1 I i I n, form a multiplicative 
basis for H*(X, Q) over Q by the remarks above. Thus if p(i(xl), i(x2), . , . , i(x,,)) = 0; then 
the polynomial p(xl, x2, . . . , .q) is either identically zero or is a sum of monomals in the 
xi in each of which the exponent of some odd dimensional _K~ is greater than one. Thus 
2p(.u,, 3c2 ) . . . ) X”) = 0. 
LEMMA 3.6. Let II’ E H4(X, Z); then Kmqw = p(s,, x, , . . . , x3, some polynomial 
expression in the xi . 
Proof. Assume that the z’j are ordered so that the dimensions do not decrease, Let 
24 = f(x,, x2, . . . ) l”, yl, . . , Jo) be any polynomial expression in H4(X, Z), for some s 
in 1 5 s I nl. We shall show that Kqu = 9(-r, , ,Y?, . . . , .Y,, y,, . . . , yS_r), which by repeated 
application implies the conclusion of the lemma. In fact 
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K% = Ky-(,Y,, x2, . . . ) I, ) y,, . . . ) ,v,) 
= g(q, x2, . . . , x,, k, yl, . . . , k,y,), 
for dimensional reasons, where again g is some polynomial expression. But k,y, is decompos- 
able in terms of elements of louver dimension, or is zero, and so 
Prr = h(x,, .Yz ) . . . ) x, ) y,, . . . ) y,_1) 
for some polynomial h. This completes the proof of the lemma. 
The proof of Lemma 3.4 is now clear. Let w be a torsion element in Hq(X, Z). Then by 
combining Lemma 3.6 and Lemma 3.5, we see that 21Yq~~ = 0. The Euclidean algorithm 
then implies that if p,v = 0 for some prime p; then the prime p occurs in the prime power 
decomposition of 2K. This is sufficient to prove Lemma 3.4. 
We complete the proof of Theorem 1.1 as follows. ‘Using Lemma 3.4, choose p such 
that H*(X, Z) has no p-torsion. Coefficient inclusion Z c QP induces a ring homomorphism 
j: H*(X, Z) + H*(X), and also a linear map Q(j) : Q{H*(X, Z)} -+ Q(If*(X)} between the 
indecomposable quotients. Now H*(X) = H*(X, Z) @ QP, by the universal coefficient 
theorem, and so if tl E H*(X), there exists a unit II E QP such that ill E j(H*(X, Z)}. Therefore 
Q(_i>{Q{H*(X, Z>llO Qp = Q{ff*GG>, and so H*(X) is finitely generated as an algebra 
over Q,. Theorem 3.1 and the remarks which follow it then imply that the algebra H*(X) 
is a tensor product of a finite number of Hopf algebras of types Al and A2, since any factor 
of type A3 is not finitely generated. Reducing modulo p, Theorem 1.2 implies that the ge- 
nerator of any factor of type A2 must have dimension 2. Eut H2(X) s H2(X, Z) @ QP s 
n,(X>O 9, = 0, using the facts that H*(X) is free of p-torsion and that X is 2-connected. 
Thus there are no factors of type A2 and so H”(X), and therefore H*(X, Q), is an exterior 
algebra on odd dimensional generators. 
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